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Hitting probabilities
Kakutani (1945)

Let {B(¢) : t > 0} be a d-dimensional Brownian motion. For any Borel set A C R9,

P{3r>0:B(f) €A} >0 <= Cap,_,(A) >0.
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—1
Capg(A) = [ Elgf(A 5/3(/0} ;

where

W= it >0,
Ea(p) = ks (x = Yuldou(dy), ks(x) =4 In(fk) if6 =0,
/ / { 1 . if 8 < 0.

@ IfA = {z}, then

cwsth={ 5 WaSo
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Let {B(¢) : t > 0} be a d-dimensional Brownian motion. For any Borel set A C R9,
P{3r>0:B(f) €A} >0 <= Cap,_,(A) >0.

@ Capg(A) denotes the capacity of A:

Capﬁ(A):[ inf gﬁ(u)}_l,

€P(A)
where
=% if 8 >0,
Ep(p) = / / kg (x = Y)u(dop(dy), kg(x) =4 () ifB=0,
1 if B <0.

@ IfA = {z}, then

cwsth={ 5 WaSo

Khoshnevisan-Shi (1999)

Let {W(t) : t € R? % } bean R?-valued Brownian sheet. ¥V M > 0, there exists ¢ = c¢(M) > 0 such that for
all Borel sets A C [ M, M),

¢~ Cap,_4(A) < P{3r € [1,2]* : W(r) € A} < cCap,_,(A).
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Hitting probability for stochastic heat equations

on(t,x) = %Gfu(t,x) +bu(t,x) +W(r,x) >0 x€(0,1)
u(r,0) =u(s,1) =0,
u(07 ) =u € C([O9 l],Rd),

where b(uy, ..., ug) := (by(uy),...,bs(ug)) with b;’s being bounded and Lipschitz continuous.
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Assume ug = 0. Fix M > 0. There exists ¢ = ¢(M) > 0 such that for all Borel sets A C [—M, M]?,
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Theorem 1. (Dalang-P. (2022+)) If Cap,_4(A) > 0, then

P{3(t,x) € (0,00) x [0,1] : u(z,x) € A} =1.
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Hitting probability for stochastic heat equations
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Assume ug = 0. Fix M > 0. There exists ¢ = c¢(M) > 0 such that for all Borel sets A C [—M, M]<,
P{3(z,x) € [1,2] x [1/4,1/3] : u(t,x) € A} > cCap,_¢(A).
Theorem 1. (Dalang-P. (2022+)) If Cap,_4(A) > 0, then
P{3(t,x) € (0,00) x [0,1] s u(r,x) € A} = 1.

Proposition. Assume |Jug|| < R. Fix M > 0. There exists ¢ = ¢(M, R) > 0 such that for all Borel sets
A C [-M, M),

P{3(1,x) € [1,2] x [1/4,1/3] - u(t,x) € A} > cCap,_¢(A).
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@ {u(t,-) : t > 0} is a Markov process taking values in C([0, 1], R¢) with invariant measure
() = Hexp { / (i) } ho(dd), &= (b1, da) € C(0, 1, BY),

where i is the law of Brownian bridge on [0, 1] and b; is the primitive function of b;
M= (br,...,ba)).

See Da Prato-Zabczyk (1996).
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Lemma. p(B(0,R)) > 0and p(B(0,R)¢) > 0 forall R > 0.
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@ {u(t,-) : t > 0} is a Markov process taking values in C([0, 1], R¢) with invariant measure
() = Hexp { / (i) } ho(dd), &= (b1, da) € C(0, 1, BY),

where i is the law of Brownian bridge on [0, 1] and b; is the primitive function of b;
M= (br,...,ba)).

See Da Prato-Zabczyk (1996).

Lemma. p(B(0,R)) > 0and p(B(0,R)¢) > 0 forall R > 0.

Proposition. {u(z,-) : ¢+ > 0} is recurrent with respect to B(0, R) and B(0, R) for all R > 0.
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2R

A:={p€C([0,1,R) : Fx € [0,1] st ¢(x) € A}

P{3(1,x) € (0,00) x [0,1] : u(z,x) € A}
=P{3r>0:u(s, ) €A}
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2R A A:={p€C([0,1],RY) : Ix € [0,1] s.t. p(x) € A}

E’ P{3(t,x) € (0,00) x [0, 1] : u(t,x) € A}
’ =P{3r>0:u(s, ) €A}

@ LetSy =0andfork > 1,

T = inf{t > Sp_; : Ju(t,-)|| > 2R}, Sy = inf{r > Ty : |Ju(z,-)|| < R}.
Then Ty = Si—1 + Ty 005, _,.
@ SetH, = {Hl‘ (S (Skfl,Tk} Zl.l(l, ) EA}
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k=1
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@ LetSy =0andfork > 1,

Ty = inf{t > Sk—1:

Then Ty = Si—1 + Ty 005, _,.

@ SetH, = {Hl‘ (S (Skfl,Tk} Zl.l(l7

@ Foranyn > 1,
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@ Suppose PY{H,|.Fs5, ,} > ¢ > 0foralln > 1. Then
P%{3r>0:u(r,-) €A} > 1— (1 —c)E® {

Letting n — 0o, we obtain P% {3 > 0 : u(r,-) € A} = 1.

n—1

[T

k=1

>1—(1—-c)
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@ Suppose PY{H,|.Fs5, ,} > ¢ > 0foralln > 1. Then

n—1
u . ) A _ _ u .
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>1—(1—-c)
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Multiplicative noise

u(t 0)=u(,1) =0,

on(r,x) = lafu(t,x) + b(u(r,x)) + a'(u(t,x))W(t,x)
u(0,) = wp € C([0, 1], BY),

t>0,xe(0,1)
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Multiplicative noise

on(r,x) = %Bfu(t,x) +b(u(r,x) +o(u(r,x))WE,x) t>0,xe(0,1)
u(r,0) =u(r,1) =0,
11(0, ) =u € C([07 1}’Rd):

Dalang-Khoshnevisan-Nualart (2009)

Assume uy = 0 and conditions [C] on b, o. Fix M > 0 and € > 0. There exists ¢ = ¢(M, €) > 0 such that
for all Borel sets A C [—M, M]¢,

P{3(t,x) € [1,2] x [1/4,1/3] s u(t,x) € A} > cCap,;_¢, (A).
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Assume uy = 0 and conditions [C] on b, o. Fix M > 0 and € > 0. There exists ¢ = ¢(M, €) > 0 such that
for all Borel sets A C [—M, M4,

P{3(t,x) € [1,2] x [1/4,1/3] s u(t,x) € A} > cCap,;_¢, (A).
Dalang-P. (2021)
Assume uy = 0 and conditions [C] on b, o. Fix M > 0. There exists ¢ = ¢(M) > 0 such that for all Borel

sets A C [—-M, M),

P{3(1,x) € [1,2] x [1/4,1/3] : u(t,x) € A} > cCap,_¢(A).
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Multiplicative noise

on(r,x) = %83u(t,x) +b(u(r,x) +o(u(r,x))WE,x) t>0,xe(0,1)
u(r,0) =u(r,1) =0,
11(0, ) =u € C([07 1}’ Rd):

Dalang-Khoshnevisan-Nualart (2009)
Assume uy = 0 and conditions [C] on b, o. Fix M > 0 and € > 0. There exists ¢ = ¢(M, €) > 0 such that
for all Borel sets A C [—M, M]?,

P{3(t,x) € [1,2] x [1/4,1/3] s u(t,x) € A} > cCap,;_¢, (A).

Dalang-P. (2021)
Assume uy = 0 and conditions [C] on b, o. Fix M > 0. There exists ¢ = ¢(M) > 0 such that for all Borel
sets A C [—-M, M),

P{3(1,x) € [1,2] x [1/4,1/3] : u(t,x) € A} > cCap,_¢(A).

@ {u(t,-) : t > 0} has strong Markov property; see Da Prato-Zabczyk (2014).
@ Existence and uniqueness of invariance measure: Cerrai (2001), Stannat (2011).
@ The recurrence property is not available.
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