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Hitting probabilities
Kakutani (1945)

Let {B(t) : t ≥ 0} be a d-dimensional Brownian motion. For any Borel set A ⊂ Rd ,

P{∃t > 0 : B(t) ∈ A} > 0 ⇐⇒ Capd−2(A) > 0.

Capβ(A) denotes the capacity of A:

Capβ(A) =
[

inf
µ∈P(A)

Eβ(µ)
]−1

,

where

Eβ(µ) =
∫
Rd

∫
Rd

kβ(x− y)µ(dx)µ(dy), kβ(x) =


‖x‖−β if β > 0,
ln( 1
‖x‖ ) if β = 0,

1 if β < 0.

If A = {z}, then

Capβ({z}) =
{

1 if β < 0,
0 if β ≥ 0.

Khoshnevisan-Shi (1999)

Let {W(t) : t ∈ R2
+} be an Rd-valued Brownian sheet. ∀ M > 0, there exists c = c(M) > 0 such that for

all Borel sets A ⊆ [−M,M]d ,

c−1 Capd−4(A) ≤ P{∃t ∈ [1, 2]2 : W(t) ∈ A} ≤ c Capd−4(A).
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Hitting probability for stochastic heat equations


∂tu(t , x) = 1

2∂
2
x u(t , x) + b(u(t , x)) + Ẇ(t , x) t > 0, x ∈ (0, 1)

u(t , 0) = u(t , 1) = 0,
u(0, ·) = u0 ∈ C([0, 1],Rd),

where b(u1, . . . , ud) := (b1(u1), . . . , bd(ud)) with bi’s being bounded and Lipschitz continuous.

Dalang-Khoshnevisan-Nualart (2007)

Assume u0 ≡ 0. Fix M > 0. There exists c = c(M) > 0 such that for all Borel sets A ⊂ [−M,M]d ,

P{∃(t, x) ∈ [1, 2]× [1/4, 1/3] : u(t , x) ∈ A} ≥ c Capd−6(A).

Theorem 1. (Dalang-P. (2022+)) If Capd−6(A) > 0, then

P{∃(t, x) ∈ (0,∞)× [0, 1] : u(t , x) ∈ A} = 1.

Proposition. Assume ‖u0‖ ≤ R. Fix M > 0. There exists c = c(M,R) > 0 such that for all Borel sets
A ⊂ [−M,M]d ,

P{∃(t, x) ∈ [1, 2]× [1/4, 1/3] : u(t , x) ∈ A} ≥ c Capd−6(A).
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{u(t, ·) : t ≥ 0} is a Markov process taking values in C([0, 1],Rd) with invariant measure

µ(dφ) =
d∏

i=1

exp

{
2
∫ 1

0
b̃i(φi(x))dx

}
µ0(dφi), φ = (φ1, . . . , φd) ∈ C([0, 1],Rd),

where µ0 is the law of Brownian bridge on [0, 1] and b̃i is the primitive function of bi
(b = (b1, . . . , bd)).

See Da Prato-Zabczyk (1996).

Lemma. µ(B(0,R)) > 0 and µ(B(0,R)c) > 0 for all R > 0.

Proposition. {u(t, ·) : t ≥ 0} is recurrent with respect to B(0,R) and B(0,R)c for all R > 0.
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Ã := {φ ∈ C([0, 1],Rd) : ∃ x ∈ [0, 1] s.t. φ(x) ∈ A}

P{∃(t, x) ∈ (0,∞)× [0, 1] : u(t , x) ∈ A}

= P{∃t > 0 : u(t, ·) ∈ Ã}

Let S0 = 0 and for k ≥ 1,

Tk = inf{t ≥ Sk−1 : ‖u(t, ·)‖ > 2R}, Sk = inf{t ≥ Tk : ‖u(t, ·)‖ < R}.

Then Tk = Sk−1 + T1 ◦ θSk−1 .
Set Hk = {∃ t ∈ (Sk−1, Tk] : u(t, ·) ∈ Ã}.
For any n ≥ 1,

Pu0{∃t > 0 : u(t, ·) ∈ Ã} ≥ Pu0

(
n⋃

k=1

Hk

)
= 1− Pu0

(
n⋂

k=1

Hc
k

)

= 1− Eu0

[(n−1∏
k=1

1Hc
k

)
Pu0{Hc

n|FSn−1}
]

= 1− Eu0

[(n−1∏
k=1

1Hc
k

)
(1− Pu0{Hn|FSn−1})

]
.
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For any n ≥ 1,

Pu0{∃t > 0 : u(t, ·) ∈ Ã} ≥ Pu0
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Suppose Pu0{Hn|FSn−1} ≥ c > 0 for all n ≥ 1. Then

Pu0{∃t > 0 : u(t, ·) ∈ Ã} ≥ 1− (1− c)Eu0

[n−1∏
k=1

1Hc
k

]
≥ 1− (1− c)n.

Letting n→∞, we obtain Pu0{∃t > 0 : u(t, ·) ∈ Ã} = 1.

By the strong Markov property,

Pu0{Hn|FSn−1} = Pu0{∃t ∈ (Sn−1, Tn] : u(t, ·) ∈ Ã|FSn−1}

= Pu(Sn−1,·){∃t ∈ (0, T1] : u(t, ·) ∈ Ã}.

For any u0 with ‖u0‖ ≤ R,

Pu0{∃t ∈ (0, T1] : u(t, ·) ∈ Ã}

≥ Pu0

{
{∃t ∈ (0, T1] : u(t, ·) ∈ Ã}

⋂
{ sup

0≤t≤2
‖u(t, ·)‖ ≤ 2R}

}

≥ Pu0

{
{∃t ∈ (0, 2] : u(t, ·) ∈ Ã}

⋂
{ sup

0≤t≤2
‖u(t, ·)‖ ≤ 2R}

}

≥ Pu0{∃(t, x) ∈ [1, 2]× [1/4, 1/3] : u(t, x) ∈ A} − Pu0

{
sup

0≤t≤2
‖u(t, ·)‖ ≥ 2R

}
≥ c > 0.
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⋂
{ sup

0≤t≤2
‖u(t, ·)‖ ≤ 2R}

}

≥ Pu0

{
{∃t ∈ (0, 2] : u(t, ·) ∈ Ã}
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By the strong Markov property,

Pu0{Hn|FSn−1} = Pu0{∃t ∈ (Sn−1, Tn] : u(t, ·) ∈ Ã|FSn−1}

= Pu(Sn−1,·){∃t ∈ (0, T1] : u(t, ·) ∈ Ã}.

For any u0 with ‖u0‖ ≤ R,

Pu0{∃t ∈ (0, T1] : u(t, ·) ∈ Ã}

≥ Pu0

{
{∃t ∈ (0, T1] : u(t, ·) ∈ Ã}

⋂
{ sup

0≤t≤2
‖u(t, ·)‖ ≤ 2R}

}

≥ Pu0

{
{∃t ∈ (0, 2] : u(t, ·) ∈ Ã}

⋂
{ sup

0≤t≤2
‖u(t, ·)‖ ≤ 2R}

}

≥ Pu0{∃(t, x) ∈ [1, 2]× [1/4, 1/3] : u(t, x) ∈ A} − Pu0

{
sup

0≤t≤2
‖u(t, ·)‖ ≥ 2R

}
≥ c > 0.
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Multiplicative noise


∂tu(t , x) = 1

2∂
2
x u(t , x) + b(u(t , x)) + σ(u(t , x))Ẇ(t , x) t > 0, x ∈ (0, 1)

u(t , 0) = u(t , 1) = 0,
u(0, ·) = u0 ∈ C([0, 1],Rd),

Dalang-Khoshnevisan-Nualart (2009)

Assume u0 ≡ 0 and conditions [C] on b,σ. Fix M > 0 and ε > 0. There exists c = c(M, ε) > 0 such that
for all Borel sets A ⊂ [−M,M]d ,

P{∃(t, x) ∈ [1, 2]× [1/4, 1/3] : u(t , x) ∈ A} ≥ c Capd−6+ε(A).

Dalang-P. (2021)

Assume u0 ≡ 0 and conditions [C] on b,σ. Fix M > 0. There exists c = c(M) > 0 such that for all Borel
sets A ⊂ [−M,M]d ,

P{∃(t, x) ∈ [1, 2]× [1/4, 1/3] : u(t , x) ∈ A} ≥ c Capd−6(A).

{u(t, ·) : t ≥ 0} has strong Markov property; see Da Prato-Zabczyk (2014).
Existence and uniqueness of invariance measure: Cerrai (2001), Stannat (2011).
The recurrence property is not available.
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